A finite group G is odd-square-free if no irreducible complex character of G has degree divisible by the square of an odd prime. We determine all odd-square-free groups G satisfying S G Aut(S) for a finite simple group S. More generally, we show that if G is any nonsolvable odd-square-free group, then G has at most two nonabelian chief factors and these must be simple odd-square-free groups. If the alternating group A 7 is involved in G, the structure of G can be further restricted.
Introduction
Throughout this paper, G is a finite group and Irr(G) is the set of irreducible complex characters of G. If χ ∈ Irr(G), then χ(1) is the degree of χ. The set of character degrees of the group G is denoted cd(G) = {χ(1) | χ ∈ Irr(G)} and we use the notation ρ(G) to denote the set of primes that divide degrees in cd(G). If n is an integer, we use π(n) to represent the set of prime divisors of n. If N is a subgroup of G, we write π(G : N ) for π(|G : N |).
In [9] , Huppert and Manz studied both solvable and nonsolvable groups all of whose irreducible character degrees are square-free. They proved that for a nonsolvable group G, all the degrees in cd(G) are square-free if and only if G ∼ = A 7 × S, where S is a solvable group with all degrees in cd(S) square-free and ρ(S) ∩ {2, 3, 5, 7} = ∅.
In [11] , the first author studied groups where 4 divides no irreducible character degree. He proved a similar result. In particular, he proved that G is a nonsolvable group with 4 dividing no degree in cd(G) if and only if G ∼ = A 7 × S, where S is solvable with 2 ∈ ρ(S). Notice that A 7 is the only simple group where 4 divides no irreducible character degree.
In this note, we study a related problem. At the conclusion of [8] , Huppert remarks that it would be interesting to determine the simple groups all of whose character degrees are of the form 2 a p 1 p 2 · · · p n , with the p i distinct odd primes. We say that a positive integer of this form is oddsquare-free (OSF). A finite group G is odd-square-free if χ(1) is OSF for every χ ∈ Irr(G). We determine here all odd-square-free simple groups, thereby answering Huppert's question. Moreover, we also determine all odd-square-free groups H satisfying S H Aut(S) for S a nonabelian finite simple group. In the situations considered in [9] and [11] , the only simple group that arose was A 7 . The following theorem shows that a number of other simple groups are odd-square-free. Except for A 7 , however, the simple groups S that arise all have the property that |S| is OSF.
Theorem A. Let S be a finite simple group and let S H Aut(S). The group H is odd-squarefree if and only if one of the following holds:
i. S ∼ = J 1 .
ii. S ∼ = A 5 or S ∼ = A 7 .
iii. S ∼ = PSL 2 (p), where p 5 is an odd prime and p 2 − 1 is odd-square-free.
iv. S ∼ = PSL 2 (q), where q = 2 a , a 2 and (q 2 − 1)|H : S| is odd-square-free.
v. S ∼ = 2 B 2 (q 2 ), where q 2 = 2 2m+1 , m 1, and (q 2 − 1)(q 4 + 1)|H : S| is square-free.
The group J 1 is the first sporadic Janko group and Aut(J 1 ) = J 1 . If S is one of A 5 , A 7 , or PSL 2 (p) with p odd, then | Aut(S) : S| = 2. Moreover, (p−1, p+1) = 2, hence p 2 −1 = (p−1)(p+1) is OSF if and only if both of p − 1 and p + 1 are OSF.
If S is PSL 2 (q), q = 2 a , then the outer automorphism group of S is cyclic of order a. Thus | Aut(S) : S| = a and |H : S| is a divisor of a. In this case, (q − 1, q + 1) = 1, and (q 2 − 1)|H : S| is OSF if and only if both of (q − 1)|H : S| and (q + 1)|H : S| are OSF, or equivalently, q − 1, q + 1, and |H : S| are OSF, (q − 1, |H : S|) = 1, and (q + 1, |H : S|) = 1.
Similarly, if S is 2 B 2 (q 2 ), q 2 = 2 2m+1 , then the outer automorphism group of S is cyclic of order 2m + 1. Thus | Aut(S) : S| = 2m + 1 and |H : S| is a divisor of 2m + 1. Again, (q 2 − 1, q 4 + 1) = 1, and (q 2 − 1)(q 4 + 1)|H : S| is OSF if and only if both of (q 2 − 1)|H : S| and (q 4 + 1)|H : S| are square-free, or equivalently, q 2 − 1, q 4 + 1, and |H : S| are square-free, (q 2 − 1, |H : S|) = 1, and (q 4 + 1, |H : S|) = 1.
Going beyond Huppert's question for simple groups, we consider this question for nonsolvable groups. Although a complete classification of nonsolvable odd-square-free groups does not seem feasible, we are able to show that if G is a nonsolvable odd-square-free group, then we have some control on the structure of G.
Theorem B. If G is a nonsolvable odd-square-free group, then G has normal subgroups N and M so that M is a solvable odd-square-free group and either 1. N/M = S is a simple odd-square-free group and S G/M Aut(S), or 2. N/M = S × T where S and T are simple odd-square-free groups with ρ(S) ∩ ρ(T ) = {2} and
In particular, G has at most two nonabelian chief factors and these chief factors are simple.
We note that we can have odd-square-free groups with two nonabelian simple chief factors. Using the classification of finite simple groups, it is not difficult to show that every nonabelian simple group has character degrees that are divisible by either 3 or 5. In fact, only the Suzuki groups 2 B 2 (q 2 ) have no degrees divisible by 3, and these groups do have degrees divisible by 5. If q ≡ ±2 (mod 5), then the groups PSL 2 (q), PSL 3 (q), PSU 3 (q 2 ), G 2 (q), and 3 D 4 (q 3 ) have no degrees divisible by 5; nor does 2 G 2 (3 2m+1 ) when 3 2m+1 ≡ ±2 (mod 5).
If G has a simple factor whose degrees are divisible by both 3 and 5, then G will have a unique simple factor. On the other hand, if G has two simple factors S and T , then one must not have degrees divisible by 3 and the other must not have degrees divisible by 5. This implies that one of S or T is a Suzuki group and the other is in the list above. For example, G = PSL 2 (23) × 2 B 2 (8) is odd-square-free.
The next result is somewhat incompatible with the goal of classifying all nonsolvable oddsquare-free groups. It shows that if a group has a normal subgroup whose index is odd-square-free and 2 is the only prime dividing both the index and the degrees of the characters of the normal subgroup, then the group will be odd-square-free. It will therefore be difficult to classify such groups since a wreath product of any 2-group or any abelian group with one of the simple groups having odd-square-free order will satisfy these hypotheses.
Theorem C. If G is a group with an odd-square-free normal subgroup N such that |G : N | is odd-square-free and π(G : N ) ∩ ρ(N ) ⊆ {2}, then G is odd-square-free.
Note that there is a gap between Theorem C and the conclusion of Theorem B. However, if A 7 is involved in G, then we obtain a result that is similar to the theorem of Huppert and Manz. We note that A 7 and 3.A 7 (the central extension of A 7 by a cyclic group of order 3) are both odd-square-free, as is S 7 . Both A 7 and S 7 arise in the second part of the following theorem when S is the trivial group.
Theorem D. If G is an odd-square-free group and A 7 is involved in G, then there is an odd-squarefree solvable normal subgroup S of G such that ρ(S) ∩ {3, 5, 7} = ∅ and either 1. G = N S, with N ∼ = 3.A 7 and |N ∩ S| 3, or 2. G has a subgroup H of index dividing 2 such that H = N × S with N ∼ = A 7 .
Almost Simple Groups
Our goal here is to determine the groups H that are odd-square-free, where S H Aut(S) and S is a (nonabelian) finite simple group, and thus prove Theorem A. We first consider the simple groups S themselves. By the Classification of Finite Simple Groups, S is a sporadic group, an alternating group, a group of exceptional Lie type, or a group of classical Lie type.
Sporadic and Alternating Groups
Lemma 2.1. A sporadic simple group S is odd-square-free if and only if S ∼ = J 1 .
Proof. The character degree set of J 1 is
and so the character degrees of J 1 are all OSF as claimed. Table 1 lists a character degree that is not OSF for each of the sporadic simple groups other than J 1 . The notation for the characters is from the Atlas [4] . 
The alternating group A n is simple for n 5.
Lemma 2.2. The alternating group A n , n 5, is odd-square-free if and only if n = 5 or n = 7.
Proof. The character degree set of A 5 is cd(A 5 ) = {1, 3, 2 2 , 5} and the character degree set of A 7 is cd(A 7 ) = {1, 2 · 3, 2 · 5, 2 · 7, 3 · 5, 3 · 7, 5 · 7}, and so A 5 and A 7 are odd-square-free as claimed. In Atlas [4] notation, the group A 6 has character degree χ 6 (1) = 9, while A 8 has χ 10 (1) = 45, A 9 has χ 5 (1) = 27, and A 10 has χ 2 (1) = 9. These degrees are all divisible by 9 = 3 2 , hence are not OSF. Therefore, the result holds for n 10. We now assume S = A n , where n 11. We consider the character χ r,s of the symmetric group S n corresponding to the partition λ r,s = (n − s − r, s + 1, 1 r−1 ) of n. (See §3 of [13] for notation.) This character of S n exists whenever r 1, s 0, and n r + 2s + 1, and has degree
Moreover, the irreducible constituents of the restriction of χ r,s to the alternating group A n have degree χ r,s (1) or χ r,s (1)/2, hence have the same odd part as χ r,s (1).
In particular, we consider the characters χ 6,1 and χ 6,2 . If r = 6 and s = 1 or 2, then r + 2s + 1 6 + 2(2) + 1 = 11 n, and so both characters of S n exist. We have
We claim that in any case the 3-part of one of these degrees is at least 3 2 . If n ≡ 0 (mod 3), then
If n ≡ 1 (mod 3), then
If n ≡ 2 (mod 3), then
Therefore, if n 11, then there is a character degree of S n , hence also a degree of A n , that is divisible by 3 2 , and so A n is not odd-square-free.
Groups of Exceptional Lie Type
We consider next the groups of exceptional Lie type, that is, those of types:
Lemma 2.3. Let S be a simple group of exceptional Lie type. The group S is odd-square-free if and only if S ∼ = 2 B 2 (q 2 ), where q 2 = 2 2m+1 , m 1, and (q 2 − 1)(q 4 + 1) is square-free.
Proof. If S = 2 F 4 (2) ′ , then by the Atlas [4] , S has degree χ 4 (1) = 27 = 3 3 , hence S is not OSF. Table 2 lists degrees that are not OSF for the remaining groups of exceptional type other than the Suzuki groups 2 B 2 (q 2 ) (see §13.9 of [3] ). In the table, Φ k denotes the k-th cyclotomic polynomial evaluated at q. (Note that the degree of 2 F 4 (q 2 ) with label ρ 2 is given incorrectly in [3] . The correct expression for the degree is given in [12] .) Table 2 : Non-OSF Degrees of Groups of Exceptional Lie Type
Group Labels Degrees
In each case, the given degree is divisible by q 2 (using the Steinberg character labelled φ 1,6 of degree q 6 in the case of G 2 (q)). Hence, if q is odd, then the degree is not OSF. If q is even, then Φ 2 = q + 1, Φ 3 = q 2 + q + 1, Φ 4 = q 2 + 1, and Φ 8 = q 4 + 1 are all odd and greater than 1. Each degree is divisible by the square of one of these odd numbers, hence is not OSF (using the character with label G 2 [θ] for G 2 (q) and noting that q is odd for 2 G 2 (q 2 )).
We have shown that no group of exceptional type is OSF except possibly the Suzuki groups, which we now consider. Let S ∼ = 2 B 2 (q 2 ), where q 2 = 2 2m+1 and m 1. By [15] , we have
where
, and Φ ′′ 8 are odd integers with Φ ′ 8 Φ ′′ 8 = Φ 8 = q 4 + 1. If S is OSF, then clearly Φ 1 Φ 2 = q 2 −1 and Φ 8 = q 4 +1 must be OSF, and since they are odd and relatively prime, (q 2 − 1)(q 4 + 1) must be square-free. Conversely, suppose (q 2 − 1)(q 4 + 1) is squarefree. As q 2 is even, it follows that all degrees other than
is odd-square-free if and only if (q 2 − 1)(q 4 + 1) is square-free, as claimed.
Although we do not know of necessary and sufficient conditions on m so that
will be square-free, we do have the following partial result.
Proof. If m ≡ 2 (mod 5), then 2m + 1 is divisible by 5. Thus 2m + 1 = 5k for some odd integer k and q 4 = 2 10k . Since 2 10 + 1 = 1025, we have 2 10 ≡ −1 (mod 5 2 ), and so
Hence q 4 + 1 is not OSF and so S is not OSF.
Groups of Classical Lie Type
Finally, we consider the groups of classical Lie type, that is, those of types:
The restrictions on ℓ and q are so that the groups will be simple and (generally) not isomorphic to others in the list. These restrictions will always be assumed in what follows. The only classical groups that can be odd-square-free are those of type A 1 (q) ∼ = PSL 2 (q), and we first eliminate the others from consideration.
Lemma 2.5. If S is a simple group of classical Lie type and is not isomorphic to A 1 (q) ∼ = PSL 2 (q), then S is not odd-square-free.
Proof. We assume S is one of
. The Steinberg character of S has degree q k , where k = ℓ(ℓ + 1)/2 for types A ℓ and 2 A ℓ , k = ℓ 2 for types B ℓ and C ℓ , and k = ℓ(ℓ − 1) for types D ℓ and 2 D ℓ . As ℓ 2 in all cases, it follows that k 2. Therefore, if q is odd, then S is not OSF and we will now assume q is a power of 2.
Case 1: S ∼ = A ℓ (q) ∼ = PSL ℓ+1 (q) First let ℓ = 2, so that S ∼ = PSL 3 (q). Since S is not isomorphic to PSL 2 (r) for any r and PSL 3 (2) ∼ = PSL 2 (7), we have q > 2. By [14] , S has an irreducible character of degree (q − 1) 2 (q + 1). Since q − 1 is odd and greater than 1, this degree is not OSF.
which is divisible by the odd number (q + 1) 2 and is therefore not OSF. For ℓ 4, S ∼ = PSL ℓ+1 (q) is a normal subgroup of PGL ℓ+1 (q) of index d = (ℓ + 1, q − 1). Again by Lemma 2.2 of [16] , PGL ℓ+1 (q) has irreducible character χ 1 of degree
Hence by Lemma 11.29 of [10] , an irreducible constituent µ ∈ Irr(S) of the restriction of χ 1 to S has degree divisible by χ 1 (1)/d. Therefore, µ(1) is divisible by (q 2 − 1)(q 4 − 1), hence by (q + 1) 2 , and so µ is not OSF.
and q > 2. By [14] , S has an irreducible character of degree (q − 1)(q + 1) 2 . Since q + 1 is odd and greater than 1, this degree is not OSF.
For ℓ 3, S ∼ = PSU ℓ+1 (q 2 ) is a normal subgroup of PU ℓ+1 (q 2 ) of index d = (ℓ + 1, q + 1). By Lemma 2.3 of [16] , PU ℓ+1 (q 2 ) has irreducible character χ 1 of degree
Again using Lemma 11.29 of [10] , we have that an irreducible constituent µ ∈ Irr(S) of the restriction (χ 1 ) S has degree divisible by χ 1 (1)/d. Therefore, since ℓ 3, µ(1) is divisible by (q 2 −1)(q 3 +1), hence by (q + 1) 2 , and so µ is not OSF.
Since q is a power of 2, the simple groups of types B ℓ and C ℓ are isomorphic. If ℓ = 2, then S ∼ = PSp 4 (q) and q > 2. By [6] , S has character degree χ 5 (1) = (q − 1) 2 (q + 1) 2 , and since q + 1 is odd, this degree is not OSF. If ℓ 3, then by Lemma 2.3 of [17] , S has an irreducible character of degree
which is divisible by (q 2 − 1)(q 4 − 1). Hence χ c (1) is divisible by (q + 1) 2 and so is not OSF.
(q) In this case, ℓ 4. By Lemmas 2.4 and 2.5 of [17] , S has an irreducible character denoted χ c . If S ∼ = D ℓ (q), then χ c has degree
Since one of ℓ or ℓ − 1 is even, (q ℓ−1 − 1)(q ℓ − 1)(q 4 − 1) is divisible by (q + 1) 2 , and so χ c (1) is not OSF. If S ∼ = 2 D ℓ (q 2 ), then χ c has degree
which is divisible by (q + 1) 2 , and so again χ c (1) is not OSF.
Lemma 2.6. The group S ∼ = A 1 (q) ∼ = PSL 2 (q), q = p a 4, is odd-square-free if and only if one of the following holds:
i. q = 2 a , a 2, and q 2 − 1 is square-free.
ii. q = p 5 is an odd prime and q 2 − 1 is odd-square-free.
Proof. Let S ∼ = PSL 2 (q). If q = 2 a and a 2, then
Hence S is OSF if and only if 2 a − 1 and 2 a + 1 are square-free. Since (2 a − 1, 2 a + 1) = 1, this holds if and only if (2 a − 1)(2 a + 1) = q 2 − 1 is square-free. Now let q = p a 5, where p is an odd prime. Since PSL 2 (5) ∼ = PSL 2 (4), which was considered above, we may assume q > 5. In this case, we have cd(S) = {1, q − 1, q, q + 1, (q + ǫ)/2}, where ǫ = (−1) (q−1)/2 . If a > 1, then since p is odd and q = p a is a character degree, S is not OSF. Thus we may assume a = 1 and q = p is prime. We then have that S is OSF if and only if q − 1, q + 1, and (q + ǫ)/2 are OSF. Since (q + ǫ)/2 divides one of q − 1 or q + 1, this holds if and only if q − 1 and q + 1 are OSF. Finally, since (q − 1, q + 1) = 2, this holds if and only if (q − 1)(q + 1) = q 2 − 1 is OSF. Lemmas 2.1-2.6 show that a simple group S is odd-square-free if and only if S is one of the simple groups listed in Theorem A.
Although we do not know of necessary and sufficient conditions on a so that 2 2a − 1 = q 2 − 1 will be square-free, we do have the following partial result.
Hence p 2 | 2 p(p−1) − 1, and since p(p − 1) | 2a, we have 2 p(p−1) − 1 | 2 2a − 1. Therefore, p 2 | 2 2a − 1 and S is not OSF.
Automorphism Groups
In this section, we determine the groups H that are odd-square-free, where S H Aut(S) for a finite simple group S. The following lemma allows us to restrict our attention to the simple groups S that are odd-square-free; that is, by the results of the previous section, the simple groups S listed in Theorem A.
Lemma 2.8. Let S be a finite simple group and S H Aut(S).
i. If S is not odd-square-free, then H is not odd-square-free.
ii. If |H : S| is a power of 2, then H is odd-square-free if and only if S is odd-square-free.
Proof. (i) Suppose χ ∈ Irr(S) and χ(1) is not OSF. Since S H, we have χ(1) | ψ(1) for every irreducible constituent ψ ∈ Irr(H) of χ H . Hence H is not OSF.
(ii) If H is OSF, then S is OSF in any case by (i). Suppose H is not OSF and |H : S| is a power of 2. Let ψ ∈ Irr(H) with ψ(1) divisible by the square of an odd prime r, and let χ ∈ Irr(S) be a constituent of the restriction of ψ to S. By Lemma 11.29 of [10] , ψ(1)/χ(1) divides |H : S|, a power of 2. Hence r 2 divides χ(1) as well, and so S is not OSF.
Lemma 2.9. Let S be one of J 1 , A 5 , A 7 , or PSL 2 (p) with p 5 an odd prime and p 2 − 1 oddsquare-free. If S H Aut(S), then H is odd-square-free.
Proof. By Lemmas 2.1, 2.2, and 2.6, S is OSF in each case. As noted previously, Aut(J 1 ) = J 1 . In each of the remaining cases, | Aut(S) : S| = 2, and so the result follows from Lemma 2.8. It remains to determine when H is odd-square-free if S H Aut(S) and S is either PSL 2 (2 a ) or 2 B 2 (2 2m+1 ). Observe that in both cases, the only outer automorphisms are field automorphisms, and Aut(S)/S is cyclic of order a for S ∼ = PSL 2 (2 a ) and order 2m + 1 for S ∼ = 2 B 2 (2 2m+1 ).
Lemma 2.10. Let S ∼ = PSL 2 (q), where q = 2 a and a 2. A group H with S H Aut(S) is odd-square-free if and only if (q 2 − 1)|H : S| is odd-square-free.
Proof. Suppose first that (q 2 − 1)|H : S| = (2 a − 1)(2 a + 1)|H : S| is OSF. If ψ ∈ Irr(H), then by Lemma 11.29 of [10] , ψ(1)/χ(1) divides |H : S| for any irreducible constituent χ of the restriction of ψ to S. Thus for every ψ ∈ Irr(H), ψ(1) divides χ(1)|H : S| for some χ ∈ Irr(S).
We have cd(S) = {1, 2 a − 1, 2 a , 2 a + 1}, and so each degree ψ(1) of H divides one of |H : S|, (2 a − 1)|H : S|, 2 a |H : S|, or (2 a + 1)|H : S|. Since (2 a − 1)(2 a + 1)|H : S| is OSF, certainly each of these integers is OSF, and therefore ψ(1) is OSF for every ψ ∈ Irr(H).
Conversely, suppose H is OSF. By Lemma 2.8, S is OSF, and so q 2 − 1 is square-free by Lemma 2.6. If a = 2, then |H : S| divides 2 and so (q 2 − 1)|H : S| is also square-free. Hence we may assume a 3.
The outer automorphism group of S is cyclic of order a, consisting of field automorphisms induced on S by Gal(F 2 a /F 2 ). Using the character table of S in [5] , for example, it is not difficult to show that there are characters χ 1 , θ 1 ∈ Irr(S) of degrees χ 1 (1) = 2 a + 1 and θ 1 (1) = 2 a − 1, each of whose stabilizer in Aut(S) (hence in H) is S. Therefore, by Theorem 6.11 of [10] , the induced characters χ H 1 and θ H 1 are irreducible characters of H. Since H is OSF, the degrees χ H 1 (1) = (2 a + 1)|H : S| and θ H 1 (1) = (2 a − 1)|H : S| are both OSF. Finally, (2 a + 1, 2 a − 1) = 1 implies (2 a − 1)(2 a + 1)|H : S| = (q 2 − 1)|H : S| is OSF.
For the Suzuki groups 2 B 2 (q 2 ), we will use the character table and notation of [15] , except that what we have denoted as q 2 is called q in [15] . Lemma 2.11. Let S ∼ = 2 B 2 (q 2 ), where q 2 = 2 2m+1 and m 1. A group H with S H Aut(S) is odd-square-free if and only if (q 2 − 1)(q 4 + 1)|H : S| is square-free.
Proof. Recall that
where Φ ′ 8 = q 2 + √ 2q + 1 and Φ ′′ 8 = q 2 − √ 2q + 1 are odd integers with Φ ′ 8 Φ ′′ 8 = Φ 8 = q 4 + 1. Also, | Aut(S) : S| = 2m + 1 is odd and |H : S| divides 2m + 1.
Suppose first that (q 2 − 1)(q 4 + 1)|H : S| = Φ 1 Φ 2 Φ 8 |H : S| is square-free. As in the proof of the previous lemma, if ψ ∈ Irr(H), then ψ(1) divides χ(1)|H : S| for some χ ∈ Irr(S). Hence the odd part of ψ(1) must divide one of |H :
S| is square-free and Φ ′ 8 , Φ ′′ 8 are factors of Φ 8 , each of these integers is square-free, and so ψ(1) is OSF for every ψ ∈ Irr(H).
Conversely, suppose H is OSF. Our aim is to show that there is an irreducible character of each of the degrees Φ 8 and Φ 1 Φ 2 Φ ′′ 8 whose stabilizer in Aut(S) is S. This will imply that H has irreducible characters of degrees Φ 8 |H : S| and Φ 1 Φ 2 Φ ′′ 8 |H : S|, and the result will follow. The outer automorphism group of S is cyclic of order 2m + 1, consisting of field automorphisms induced on S by G = Gal(F 2 2m+1 /F 2 ). The group G is generated by the automorphismσ, wherē σ(γ) = γ 2 for all γ ∈ F 2 2m+1 . Let σ be the outer automorphism of S induced byσ. If x is a semisimple element of S, then x σ is conjugate in S to x 2 and x σ k is conjugate in S to x 2 k for any integer k.
Consider first the character X 1 ∈ Irr(S) of degree Φ 8 = q 4 +1 (see Theorem 13 of [15] , replacing q with q 2 ). As in §17 of [15] , let ξ 0 be a generator of the subgroup A 0 of S of order q 2 − 1, and let ε 0 be a complex primitive (q 2 − 1)-th root of unity. We have X 1 (ξ
Suppose σ −k is an element of the stabilizer T of X 1 in H. In particular, this implies
and so ε
0 . It is not difficult to see that this implies 2 k ≡ 1 (mod q 2 − 1) or 2 k ≡ −1 (mod q 2 − 1).
Recall that σ is of order 2m + 1, so that 0 k 2m, and q 2 = 2 2m+1 . Hence 2 k − 1 < q 2 − 1, and so 2 k ≡ 1 (mod q 2 − 1) implies 2 k − 1 = 0. Thus k = 0 and σ −k is the identity automorphism. If 2 k ≡ −1 (mod q 2 − 1), then we must have
But since m 1, this is impossible. Hence the only power of σ in T is the identity automorphism, and so T = S.
Since S H and the stabilizer of X 1 in H is S, we have that the induced character X H 1 is irreducible of degree X H 1 (1) = Φ 8 |H : S| = (q 4 + 1)|H : S|.
Therefore, as H is OSF, we have that Φ 8 |H : S| is OSF.
Next, we consider the character Y 1 ∈ Irr(S) of degree Φ 1 Φ 2 Φ ′′ 8 . As in §17 of [15] , let ξ 1 be a generator of the subgroup A 1 of S of order Φ ′ 8 , and let ε 1 be a complex primitive Φ ′ 8 -th root of unity. We have
Suppose σ −k is an element of the stabilizer T of Y 1 in H. In particular, this implies
, and so ε [15] , there are exactly (Φ ′ 8 − 1)/4 of these characters, and so the converse holds as well.) Hence if σ −k is in T , we must have
Recall again that 0 k 2m and q 2 = 2 2m+1 . In particular, 2 k < q 2 and both 2 k − 1 and 2 k + 1 are strictly less than q 2 + √ 2q + 1 = Φ ′ 8 . Hence 2 k ≡ 1 (mod Φ ′ 8 ) implies 2 k − 1 = 0 and so k = 0, and since 2 k + 1 = 0,
so this is not possible. Hence 2 k ≡ −q 2 (mod Φ ′ 8 ). We therefore have that if σ −k is in T , then k = 0 and σ −k is the identity automorphism. Hence T = S and Y H 1 is an irreducible character of H of degree
Therefore, as H is OSF, we have that Φ 1 Φ 2 Φ ′′ 8 |H : S| is OSF. We have shown that if H is OSF, then Φ 8 |H : S| = (q 4 + 1)|H : S| and
are both OSF, hence square-free. Since (q 4 + 1, q 2 − 1) = 1, this implies (q 2 − 1)(q 4 + 1)|H : S| is square-free.
Theorem A now follows from Lemmas 2.1, 2.2, 2.3, 2.5, 2.6, 2.9, 2.10, and 2.11.
Proofs of Theorems B and C
We now work to prove our general results. We begin with a lemma showing that any nonabelian chief factor of an odd-square-free group must be simple.
Lemma 3.1. Let G be an odd-square-free group. If M < N are normal subgroups of G so that N/M is a nonabelian chief factor, then N/M is a simple odd-square-free group.
Proof. Since every degree in cd(N/M ) divides a degree in cd(G), it follows that N/M is an oddsquare-free group. There is a nonabelian simple group S so that N/M ∼ = S 1 × · · · × S n and S i ∼ = S for each i. We know that there is a degree a in cd(S) that is divisible by an odd prime. If n 2, then a 2 divides some degree in cd(N/M ). Thus, we must have n = 1, and the lemma is proved.
We next prove that a nonsolvable odd-square-free group has at most two nonabelian simple factors.
Lemma 3.2. If G is an odd-square-free group such that all minimal normal subgroups of G are nonabelian, then one of the following occurs:
1. G has a unique minimal normal subgroup S and S is a simple odd-square-free group. In particular, S G Aut(S).
2. G has exactly two minimal normal subgroups S and T and these are simple odd-square-free groups that satisfy ρ(S) ∩ ρ(T ) = {2}. In particular, S × T G Aut(S) × Aut(T ).
Proof. Let S be a minimal normal subgroup of G. Note that S is a chief factor of G. Thus, we may apply Lemma 3.1 to see that S is a simple odd-square-free group. Let C = C G (S). We know that C ∩ S = 1 and C is normal in G. Also, G/C is isomorphic to a subgroup of Aut(S). Any other minimal normal subgroup of G will be contained in C. Thus, if C = 1, then S is the unique minimal normal subgroup of G, and S G Aut(S). Suppose now that C > 1. Then G will have a minimal normal subgroup T that is contained in C. By Lemma 3.1, we have that T is a simple odd-square-free group. Let D = C G (T ). We know D ∩ T = 1 and D is normal in G. Also, G/D is isomorphic to a subgroup of Aut(T ). Notice that S D. We see that ST = S × T is a normal subgroup of G. Every degree in cd(ST ) divides a degree in cd(G), so ST is odd-square-free. Hence, if an odd prime divides a degree in cd(S), then it can divide no degree in cd(T ). This implies ρ(S) ∩ ρ(T ) ⊆ {2}. We know that G/(C ∩ D) is isomorphic to a subgroup of G/C × G/D, which in turn is isomorphic to a subgroup of Aut(S) × Aut(T ). Hence, if C ∩ D = 1, then S and T are the only minimal normal subgroups of G and G ⊆ Aut(S) × Aut(T ), and the lemma is proved.
Suppose that C ∩ D > 1. It follows that C ∩ D contains a minimal normal subgroup U of G. By Lemma 3.1, U is a simple subgroup. We have that ST U = S × T × U is a normal subgroup of G, and hence, it is odd-square-free. On the other hand, we know that every simple group must have either 3 or 5 dividing a character degree. Hence we will be able to find a degree of ST U that is divisible by either 3 2 or 5 2 , which contradicts the fact that ST U is odd-square-free.
We now prove Theorem B.
Proof of Theorem B. Take M to be maximal among solvable normal subgroups of G. Since every degree in cd(M ) divides a degree in cd(G), we see that M is odd-square-free. Notice that G/M is an odd-square-free group and every minimal normal subgroup of G/M is nonabelian. We may apply Lemma 3.2 to see that either G/M has a unique minimal normal subgroup S that is a simple odd-square-free group or G/M has exactly two minimal normal subgroups S and T that are simple odd-square-free groups with ρ(S) ∩ ρ(T ) = {2}. We also have either S G/M Aut(S) or S × T G/M Aut(S) × Aut(T ). In the first case, we take N/M = S and in the second case, we take N/M = S × T . Observe that in the first case, G/N is isomorphic to a subgroup of the outer automorphism group of S, and in the second case, G/N is contained in the direct product of the outer automorphism groups of S and T .
Next, we prove Theorem C.
Proof of Theorem C. Let χ ∈ Irr(G) and let ν ∈ Irr(N ) be a constituent of χ N . By Corollary 11.29 of [10] , we know that χ(1)/ν(1) divides |G : N |. Hence, χ(1)/ν(1) is OSF. Since N is an odd-square-free group, we know that ν(1) is OSF. Finally, no odd prime divides both χ(1)/ν(1) and ν(1) as π(G : N ) ∩ ρ(N ) ⊆ {2}. Thus χ(1) is OSF, and hence G is an odd-square-free group.
Proof of Theorem D
We now turn to odd-square-free groups that involve A 7 . Our proof is similar to the proof employed in [11] . The key to our work is the following lemma, which appeared in [11] . This lemma was discovered by Isaacs.
Lemma 4.1. Let S be a group and let V be an irreducible module for S with associated character χ. If H < S is maximal satisfying [χ H , 1 H ] > 0, then there is an element 0 = v ∈ V so that C S (v) = H.
The following lemma should be compared with Lemma 2.3 of [11] . We use the same data as was produced for that note. Lemma 4.2. If S = A 7 acts via automorphisms on a nontrivial elementary abelian p-group V , where p 11 is a prime and C S (V ) = 1, then there exists an element 1 = v ∈ V and a degree a ∈ cd(C S (v)) so that 9 divides a|S : C S (v)|.
Proof. We can view V as a module for S. Since p does not divide |S|, we know via Maschke's theorem that V is completely reducible as an S-module. Without loss of generality, we may assume that V is an irreducible S-module. Let F = F p be the field of p elements. Let K be the ring of F Sendomorphisms of V . Note that by Schur's lemma, since V is a simple F S-module, K is a division ring, and since K is finite, we have that K is a field. We may also view V as a K-vector space. Then V is a simple KS-module, and as such is absolutely irreducible. In particular, V corresponds to an irreducible complex character of S, and so V corresponds to an ordinary character χ ∈ Irr(S).
The stabilizers in S of elements of V are not affected by viewing V as vector space over K rather than over F . Therefore, it suffices to show that for each nonprincipal character ψ ∈ Irr(S), there is a subgroup H with the desired properties that is maximal subject to [ψ H , 1 H ] > 0. To do this, we use the computer algebra system Magma [2] (or GAP [7] ) to compute the character table of A 7 , which is shown in Table 3 , and the subgroup lattice of A 7 , which is shown in Table 4 . 
Using Magma [2] , we computed [χ i , 1 H j ] for each nonprincipal character χ i ∈ Irr(A 7 ) and each H j in the subgroup lattice of A 7 . In Table 5 , we present for each i the values j so that [χ i , 1
For each χ i , a subgroup H j that satisfies Lemma 4.1 is indicated by * in Table 5 . In each case, one can check that this subgroup has the property that there is a character degree a so that 9 divides a|G : H j |. Since there is such a subgroup for each χ i , the lemma is proved.
We should note that a list of subgroups of A 7 with square-free index is included in [9] . However, comparing that list with the list we obtained from Magma, we see that several groups are missing (in particular, 17, 19, 23, 26, and 30). This does not affect the argument in [9] , since these subgroups can also be handled using the methods in [9] .
The next lemma will be applied to the case where we have a faithful irreducible module over 3.A 7 . We would not be surprised if this result is known. Lemma 4.3. If V is a faithful irreducible module for S = 3.A 7 and v is a nonzero element of V , then 9 divides |S : C S (v)|.
Proof. Let Z be the center of S. We begin with the observation that a Sylow 3-subgroup P of S is nonabelian of order 27. To see this, let λ ∈ Irr(Z) be faithful. If P is abelian, then λ extends to P , and so λ extends to S by Theorem 6.26 of [10] . This contradicts S = S ′ , and thus P is not abelian.
Note that C V (Z) is an S-submodule of V . Since V is irreducible and S acts faithfully, we conclude that C V (Z) = 0. This implies C S (v) ∩ Z = 1 for all v ∈ V \ {0}. Let Q be a Sylow 3-subgroup of C S (v). Without loss of generality, we may assume that Q P . We have ZQ P and Q ∩ Z = 1. If |Q| = 9, then P = QZ. Since Z is central, this would imply Q is normal in P , which is a contradiction since Q ∩ Z = 1 and Z = Z(P ). Hence we have |Q| 3, and it follows that 9 divides |S : C S (v)|.
If F is any field, then there is a natural permutation module V for A 7 of dimension 7 over F . We can view V as the set {(a 1 , . . . , a 7 ) | a i ∈ F }, where the action by A 7 permutes the coordinates. The module V is not irreducible. In fact, the principal module is a submodule of V . Another submodule of the permutation module is the module W = {(a 1 , . . . , a 7 ) ∈ V | a 1 + · · · + a 7 = 0}, which we call the zero-sum diminished permutation module for A 7 over F . When F does not have 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 17, 18, 19, 20, 21, 22  *  , 31  χ 4 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 17, 18, 19 We are now ready to prove the main theorem. This proof should be compared to Lemmas 2.5, 2.6, and 2.7 of [9] .
Proof of Theorem D. Let N be minimal so that N is normal in G and G/N is solvable. Take M to be normal in G so that N/M is a chief factor for G. Observe that G/M is not solvable, so N/M is not abelian. By Lemma 3.1, we see that N/M is simple. Since A 7 is involved in G and 3 and 5 both divide degrees in cd(A 7 ), we know via Theorem B that A 7 is the only simple factor involved in G, so N/M ∼ = A 7 and M is a solvable group. Write C/M = C G/M (N/M ). Observe that C ∩ N = M and N C/C ∼ = N/M ∼ = A 7 . Also, G/C is isomorphic to a subgroup of Aut(A 7 ), so |G : CN | divides 2. Let K be the intersection of the kernels of all the N -invariant linear characters in M . Observe that K is normal in N . Observe also that [M, N ] is contained in the kernel of every linear Ninvariant character of M , so [M, N ] K. This implies M/K is central in N/K. Note that the minimality of N implies that N = N ′ . It follows that M/K is isomorphic to a subgroup of the Schur multiplier of A 7 and N/K is a central extension of A 7 . Thus, M/K has order dividing 6. If |M : K| = 2 or 6, then we use the Atlas [4] to see that cd(N/K) contains 36, a contradiction. Hence we have that N/K is isomorphic to either A 7 or 3.A 7 .
We now work to prove that K = 1, so we suppose that K > 1. Take L to be normal in N so that K/L is a chief factor for N . Since M is solvable, we know that K/L is abelian. If Irr(K/L) has a nonprincipal N -invariant character φ, then φ extends to µ ∈ Irr(M ) since M/K is cyclic. Now, N acts on the extensions of φ to M , so the stabilizer of µ in N has index at most 3. Since A 7 has no proper subgroup of index at most 3, it follows that µ is N -invariant. This, however, contradicts the definition of K since K is not contained in the kernel of µ.
We conclude that 1 is the only N -invariant character in Irr(K/L). We may view K/L as an afforded by the zero-sum diminished permutation module for A 7 over F 5 . From here, the proof is essentially identical to the proof in the p = 3 case. We conclude that K = 1. If N = A 7 , then C ∩ N = 1 and G/C is isomorphic to a subgroup of Aut(A 7 ). We let S = C and H = N C = N × S, and we have that |G : H| = 2.
Finally, suppose N = 3.A 7 and let S = C G (N ). We know that S ∩ N has order 3, S is normal in G, and G/S is isomorphic to a subgroup of Aut(3.A 7 ) which is A 7 . Thus G = N S.
